Introduction {#Sec1}
============

Fractional Differential Equations (FDE) can be seen as a generalization of Ordinary Differential Equations (ODE) to arbitrary non-integer order \[[@CR14]\]. The concept of Fuzzy Fractional Differential Equation (FFDE) was introduced by Agarwal *et al.* in \[[@CR1]\]. There are several papers that solve FFDEs, for example \[[@CR26], [@CR35]\].

Here we consider the Fuzzy Fractional Differential Equations (FFDE) under the interactive derivative of Caputo, that is, the differentiability is given by an interactive derivative, as proposed by Santo Pedro *et al.* \[[@CR26]\]. We use the fractional interactive derivative to describe a viral dynamics in seropositive individuals under antiretroviral treatment (ART). An HIV population dynamics has already been considered as a process with memory. In this case, it was described by a system of delay-differential equations associated mainly to pharmacological delay, defined as the time interval required to absortion, distribution and penetration of the drug in the target cells of the virus \[[@CR16]\].

The dynamics of biological systems usually evolve with some uncertainty, which may be inherent in the phenomenon or result from environmental variation. It seems pertinent modeling a biological system as a process with memory, so it cannot depend on instant time alone. For these reasons, the fractional differential equation is used \[[@CR2], [@CR3]\].

Our goal in this work is to provide new insight into well-known models of HIV. For this, we will use fractional differential equations, which are used to treat processes with memories \[[@CR2], [@CR3]\], and the interactive derivative, which considers both correlated processes and variability at the initial condition \[[@CR5], [@CR27]\]. Current studies consider interactivity in the modeling of biological processes, in particular, in the dynamics of HIV, when assuming the existence of a memory coefficient \[[@CR15]\].

This work is structured as follows. Section [2](#Sec2){ref-type="sec"} presents preliminary concepts about fuzzy set theory, as well as the fuzzy derivative for autocorrelated processes. Section [3](#Sec5){ref-type="sec"} presents fuzzy interactive fractional derivatives. Section [4](#Sec6){ref-type="sec"} presents the fuzzy interactive fractional differential equation under the Caputo derivative. Section [5](#Sec7){ref-type="sec"} presents HIV dynamics under Caputo derivative and Sect. [6](#Sec8){ref-type="sec"} presents the final comments.

Preliminary {#Sec2}
===========
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Theorem 1 {#FPar1}
---------
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A strongly measurable and limited integrable fuzzy function is called integrable. The fuzzy integral of Aumann of $\documentclass[12pt]{minimal}
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Let us focus on the special relationship called interactivity. There are several types of joint possibility distributions that generate different interactivities. This manuscript studies the interactivity called linear correlation, which is obtained as follows.
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Autocorrelated Fuzzy Processes {#Sec3}
------------------------------

Autocorrelated fuzzy processes are similar to autocorrelated statistical processes \[[@CR5], [@CR11], [@CR27], [@CR28]\]. These types of fuzzy processes have been carried out in areas such as, epidemiology \[[@CR30], [@CR33]\] and population dynamics \[[@CR27], [@CR29]\].
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Next theorem provides a characterization of the *F* derivative by means of *r*-levels.
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The process *x* is called expansive if, the diameter of *x*(*t*) is a non-decreasing function at *t*, and equivalently, *x* is called contractive if, the diameter of *x*(*t*) is a non-increasing function at *t*.
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Fuzzy Fractional Integral and Fuzzy Fractional Derivative {#Sec4}
---------------------------------------------------------

The Riemann-Liouville fractional integral $\documentclass[12pt]{minimal}
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### Definition 1 {#FPar5}
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### Definition 2 {#FPar6}
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Fuzzy Interactive Fractional Derivative {#Sec5}
=======================================

The fuzzy integral fractional Riemann-Liouville, of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha >0$$\end{document}$, of *x* is defined byFor fuzzy fractional derivative consider $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in L([a,b],\mathbb {R}_{\mathcal {F}})$$\end{document}$ and the fuzzy process$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} x_{1-\alpha }(t)=\int _{a}^{t}{\frac{(t-s)^{-\alpha }}{\varGamma (1-\alpha )}x(s)ds},\;\;\text {for all }t\in (a,b], \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{1-\alpha }(a)=\lim _{t\rightarrow a^+}{x_{1-\alpha }(t)}$$\end{document}$ in the sense of Pompeiu-Hausdorff metric. Recall that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<\alpha \le 1$$\end{document}$, the fuzzy function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{1-\alpha }:(a,b]\rightarrow \mathbb {R}_{\mathcal {F}}$$\end{document}$ defines a fuzzy number.

Definition 3 {#FPar7}
------------

\[[@CR26]\]**.** The fuzzy Riemann-Liouville fractional derivative of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 < \alpha \le 1$$\end{document}$ of *x* with respect to *F*-derivative is defined bywhere $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _{a}^{t}{(t-s)^{-\alpha }x(s)ds}$$\end{document}$ is a *F*-correlated fuzzy process, *F*-differentiable for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\in (a,b]$$\end{document}$.

It is important to highlight that, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _{a}^{t}{(t-s)^{-\alpha }x(s)ds}$$\end{document}$ can be an expansive or contractive fuzzy process. However, it is expansive if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x(\cdot )$$\end{document}$ is expansive \[[@CR31]\]. So, if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{1-\alpha }(\cdot )$$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x(\cdot )$$\end{document}$ is expansive, thenThus,

Definition 4 {#FPar8}
------------
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Theorem 4 {#FPar9}
---------
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In the fuzzy fractional calculus the derivative that the researchers usually used is the generalized Hukuhara derivative (gH). Our results via F-correlated derivative are similar to those obtained via gH. However, the domains of arithmetic operations via *F*-correlated process and via gH are different as can be seen in ([8](#Equ8){ref-type=""})--([11](#Equ11){ref-type=""}). Although the difference ([9](#Equ9){ref-type=""}) coincides with the difference gH, the multiplication and division operations F-correlated do not coincide with standard arithmetic operations, which are used with gH. These facts imply that the solutions of fuzzy differential equations via gH and via *F* can be different. For example via numerical simulations \[[@CR32]\].

Fuzzy Interactive Fractional Differential Equations {#Sec6}
===================================================
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The Fuzzy Fractional Initial Value Problems (FFIVPs) given by ([34](#Equ34){ref-type=""}) and ([35](#Equ35){ref-type=""}) boil down to classical Fractional Initial Value Problems. Hence, numerical solution for the FFIVP can be provided by the method proposed by \[[@CR22]\], which is based on the modified trapezoidal rule and the fractional Euler's method, for Caputo fractional derivative. The generalization of this method for FFIVPs can be founded in \[[@CR17]\].

Consider a fractional initial (classical) value problem given by$$\documentclass[12pt]{minimal}
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Viral Dynamics for Seropositive Individuals Under Antiretroviral Treatment (ART) {#Sec7}
================================================================================

Data obtained in various studies \[[@CR20], [@CR24]\] suggests that the virus concentration decay in bloodstream is approximately exponential after the patient was placed on a potent antiretroviral drug. One of the simplest models of viral dynamics consider the effect of antiretroviral as Eq. ([37](#Equ37){ref-type=""})$$\documentclass[12pt]{minimal}
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Although Eq. ([37](#Equ37){ref-type=""}) describes the viral dynamics considering the effect of the drugs, the classical differential equation does not take some behaviours of this dynamic into account. For instance, there is a time interval between the infection of the cell and the release of new infectious viral particles, called *virions*. This means that there exists an intracellular delay, which can be modeled by a system of delay differential equation \[[@CR9]\]. For this reason consider the gamma distribution. According to Mittler et al. \[[@CR18]\] the gamma distribution can be used to describe the delay presented in the HIV dynamic, because the curves of the gamma distribution are more realistic than the curves of normal distribution, since some cells may take a long time to release virus.

The gamma distribution is widely used to deal with fractional differential equations. Due to the well-established fractional calculus theory, here we adopt the Caputo derivative. To this end, consider the intracellular delay given by the difference $\documentclass[12pt]{minimal}
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Now, since the initial value of the virus concentration is usually uncertain, the initial condition to this model is described by a fuzzy number, which gives raise to the following Fuzzy Fractional Differential Equation with Caputo derivative$$\documentclass[12pt]{minimal}
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Here we consider two cases for this dynamic. The first one is when the fuzzy process is expansive i.e, the diameter of the process is a non-decreasing function at *t*, and the second one is when the fuzzy process is contractive, i.e, the diameter of the process is a non-increasing function at *t*. So, the function $\documentclass[12pt]{minimal}
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Figure [2](#Fig2){ref-type="fig"} illustrates the numerical solution for the FFIVP considering different fuzzy processes. In the case where one expects that uncertainty increases over time, then we must take an expansive process into account, as Subfigure (a) of Fig. [2](#Fig2){ref-type="fig"} depicts. On the other hand, in the case where one expects that uncertainty decreases over time, then we must take a contractive process into account, as Subfigure (b) of Fig. [2](#Fig2){ref-type="fig"} depicts.Fig. 2.Numerical solution to the HIV model given by ([41](#Equ41){ref-type=""}). The gray lines represent the *r*-levels of the fuzzy solutions, where their endpoints for *r* varying from 0 to 1 are represented respectively from the gray-scale lines varying from white to black. The initial condition is given by $\documentclass[12pt]{minimal}
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Note that the numerical solution for the expansive process assumes negative values. Since we are dealing with the number of infected individuals, the numerical solution obtained from the expansive process is not consistent. This implies that only the contractive process is appropriated for this model. Now, we can still interpret the expansive process for this case. Although it assumes negative values, we verify that the evolution of the disease increases over time. In addition, its width increases, illustrating a chaotic scenario with increasing uncertainty.

Also observe that, in both cases, there is an oscillation in the beginning of the solutions. This is a typical behavior of problems involving FDEs.

Final Comments {#Sec8}
==============

In this manuscript, we present an HIV viral dynamics model for individuals under antiretroviral treatment. The modeling was done by considering Interactive Fuzzy Fractional Differential Equations (IFFDE), that considers an underlying interactivity in the process and its use is justified by the fact that biological processes have memories in their dynamics \[[@CR2], [@CR3]\].

Viral load, as an autocorrelated process, considers that there is a memory coefficient in its modeling, this means that the instant of time *t* is associated to the previous instant time $\documentclass[12pt]{minimal}
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                \begin{document}$$t-1$$\end{document}$. Specifically, the Caputo fractional derivative allows us to take the intracellular delay as a non fixed value into account, by means of the gamma distribution. This distribution assigns more weight to a lower intracellular delay and it carries biological informations, in contrast to the classical derivatives. The FFIVP via Caputo derivative provides solutions related to the value of $\documentclass[12pt]{minimal}
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The uncertainty in the number of viral particles produced by each infected cell suggests that the viral load can be represented as a fuzzy number. Through IFFDE, it was possible to describe the phenomenon from two points of view: expansive process (the diameter of the solution is a non-decreasing function in *t*) and contractive process (the diameter of the solution is a non-increasing function in *t*), in contrast to other methods given in the literature.

Finally, we present a numerical solution to illustrate the obtained results. In both cases, a decrease in plasma viremia in the bloodstream is obtained, which corroborates the data presented in the literature \[[@CR21]\] .
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